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Abstract 

We analyze the nonlinear optical response of a five-level system under a novel configuration of 
electro-magnetically induced transparency. We show that a giant Kerr nonlinearity with a relatively 
large cross-phase modulation coefficient that occurs in such system may be used to produce an 
efficient photon-photon entanglement. We demonstrate that such photon-photon entanglement is 
practically controllable and hence facilitates promising applications in quantum information and 
computation. 
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I. INTRODUCTION 

Entanglement is one of the most profound features of quantum mechanics [lj]. A system 
consisting of two subsystems is said to be entangled if its quantum state cannot be described 
by a product of the quantum states of the two subsystems 3]. In past decades, entanglement 
has been the focus of a large amount of study on the foundation of quantum mechanics, as- 
sociated particularly with quantum nonseparability and violation of Bell's inequalities^. It 
has also been viewed as a potential resource that can be used for many practical applications, 
especially for quantum communication^], cryptography^, and computation Jf|. 

It is important for quantum information processing to be able to create entangled states 
in a controllable way. In recent years, many novel methods have been proposed to generate 
controllable entangled states 0, la O]- Some of them are based on quantum interference effects 
associated with electromagnetically induced transparenc y (E IT nlCfl, in clu ding atom-atom, 



atom-photon and photon-photon entangled states [12|, [13J, |15|, [16j, |17j, |18|, Comparing 
with conventional nonresonant media j^. atomic systems under an EIT configuration 
possess many striking features, such as very low absorption, ultraslow group velocity, and 
enhanced Kerr nonlinear ity under weak driving conditions [22]. It has also been shown 
recently that these properties can be used to produce a new type of optical solitons, i.e. 



ultraslow optical solitons 
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As is well known, Kerr nonlinearity is important for producing an interaction between 



light fields. It is also crucial to get an efficient photon-photon entanglement 25}. In an 
EIT medium, a giant enhancement of Kerr nonlinearity can be obtained by a slightly dis- 
turbance of resonance condition. Up to now, different schemes has been proposed for ob- 
taining such enhancement through a cross-phase modulation (CPM) effect, including "N" 



configuration 
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271 ]. chain-A configuration [28|, |29|, |3Cj and tripod configuration [3 lj . It has 



also been suggested to achieve a large nonlinear mutual phase shift |12j, 1261 and to construct 
all-optical two-qubit quantum phase gates under weak driving conditions 3^. I^. 

In this paper, we investigate the photon-photon entanglement in a five-level atomic sys- 
tem under a novel EIT configuration. Our study exhibits several important features. Firstly, 



the self-phase modulation (SPM) effect can 
from the case with a tripod configuration 



:>e detached and suppressed, which is different 
where the effect of SPM counteracts that of 



CPM and impairs the formation of the entanglement. Secondly, an enhanced CPM effect 
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can be obtained in our system because the EIT configuration in our system has a better 
symmetry, which makes not only the group velocities of both the probe and trigger pulses 
decrease several orders of magnitude but also the group- velocity matching can be achieved 
much easier than the case using a chain-A configuration 32] . In addition, in our approach 
the effect of absorption and dispersion is taken into account. When the binary information 
is encoded in the polarization degree of freedom of the probe and the trigger pulses, the en- 
tanglement between the probe and trigger pulses relies on the large nonlinear mutual phase 
shift contributed by the enhanced CPM effect. We shall show that such photon-photon 
entanglement is controllable and hence may facilitate more applications in in quantum in- 
formation and computation. The paper is arranged as follows. The following section (Sec. 
II) describes the model under study. In Sec. Ill linear and nonlinear susceptibilities of 
the system are calculated based on Bloch equations. The group- velocity matching and the 
deformation of the probe and trigger pulses due to the dispersion and absorption effects are 
also discussed. In Sec. IV we investigate the degree of entanglement of two-qubit states 
with realistic parameters by using entanglement of formation. Finally, Sec. V contains a 
discussion and a summary of our results. 

II. THE MODEL 

We consider a life-time broadened five-state atomic system, shown in Fig. 1. The system 
interacts with a weak, pulsed probe field of center frequency ujp/{2ir) (|0) — > |4) transition), 
a weak, pulsed trigger field u t /(2tt) (|2) — > |3) transition) and two strong, continuous-wave 
(cw) coupling fields of frequencies ub/(2ii) (|1) — > |3) transition) and uc/(2tt) (|1) — > |4) 
transition). The electric-field can be written as E = \{£ P e~ iu]pt +£ B e~ iuJBt +£ c e' iuJct 
+£ T e~ lWrt )+c.c, where c.c. represents complex conjugate. 

In Schrodinger picture the Hamiltonian of the system is given by H = Hq + Hi, with 



where Qi (l=P, B,C,T) are the half Rabi frequencies of relevant fields with Qp = 
D m £ P /{2h), n T = D 32 £ T /(2h), n B = D 3 i£ B /{2H) and n c = D^£ c j{2K). D i} = D*, are 
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Ho = hu \0)(0\ + hui\l)(l\ + Hu 2 \2)(2\ + hw 3 \3)(3\ + ^ 4 |4)(4| 
Hi = -^(^e i ^ i |0)(4| + ^e^ s *|l)(3| + ^e^*|l)(4| 
+^e^|2)(3|+h.c), 



(1) 



(2) 




FIG. 1: The energy- level diagram and excitation scheme of a life-time broadened five-state atomic system 
interacting with two weak, pulsed (probe and trigger) fields of frequency up/(2ir) and cjt/(27t) and two 
strong, cw control fields of frequencies w_b/(27t) and wc/(27r). 

the electric dipole matrix elements. Within a rotating-wave approximation the evolution of 
the system is described by the Bloch equations for density-matrix elements 



^00 = — 7oo°oo + i^p04o — ^pO"o4, (3a) 

& u = -7n<7n + iVt* B a 3l - «^bCi3 + itic a 4i ~ ^cci4, (3b) 

0"22 = -722^22 + i^T a 32 - ^TC23, (3c) 

0"33 = -7330"33 + i^B^13 ~ ^pO"31 + ^T023 ~ *^t°"32, (3d) 

<T44 = — 744C44 + ifipCTQ4 — ifip^o + iVlcO'14 — (3e) 

o"oi = -(7oi + «A C - iA P )o- 01 + ifipO-41 - iQ B a 03 - i^c^04, (3f) 

^02 = -(702 + «A C + iA T - iA P - iA B )a 02 + iVtpa^ ~ ^T0"O3, (3g) 

o"03 = -(703 + «A C - iA P - iA B )a 03 + iVt P a A3 - iQ* B cr 01 - iVt* T o 02 , (3h) 

(T 04 = -(704 - «Ap)(To4 + ifip(a 44 - (Too) - ^c^oi, (3i) 

0"i2 = -(712 + ?A T - iA B )(7i2 + i^ B cr 32 + iVL* c a A2 - i^T^i 3 , (3j) 

0"13 = -(713 - «A B )(7i3 + *^b(°"33 - CTn) + if^<7 43 - ^T°"l2, (3k) 

<7i4 = -(714 - iA c )a lA + ifipO- 34 + if^(a- 44 - a u ) - ^pcio, (31) 

o"23 = -(723 - ^A T )o- 23 + iQ* T (cr 33 - cr 22 ) - til* B a 2 u (3m) 

024 = —(724 + ^Ap — iA c — iA T )a 2A + iQ T a u — iQ P a 20 — iVL* c a 2ll (3n) 

^"34 = -(734 + «Ap - iAc.)o- 34 + iVt B a u + ?fi T <T 24 - iVLp<j 30 - iVt* c a 31 , (3o) 



where = pij exp(— iutjt) (i,j—0 to 4). 7^ describe decay of populations (i=j) and coher- 
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ences (i ^ j). Ap = u 40 — up, Ap = uj 3 i — up, Ac = ojh — ujc and At = uj 32 — ^>t are 
frequency detunings. 



III. LARGE CROSS-KERR NONLINEARITY AND GROUP- VELOCITY 
MATCHING 

For solving the Bloch Eq. (J3J) we assume that the temporal duration of the probe and 
trigger fields is longer enough so that a steady state approximation can be employed (32), 
When the intensity of the probe and trigger fields is much weaker than the intensity of both 
coupling fields, i.e. |fip| 2 , |^t| 2 "C |^b| 2 , |^c| 2 , the population in the ground states |0) and 
1 2) is not depleted and symmetric with respect to <-> 2 exchange, thus <Too ~ ^22 ~ 1/2 with 
the population of other three levels vanishing, i.e. <7n ~ 033 « 044 « 0. Furthermore, 013, 
014 and (J34 vanish also due to small population. We solve Eq. (j3J) under these consideration 
and obtain the following expressions for the susceptibilities of the probe and trigger fields 

Xp = n a \D Q4 \ 2 a 4o /{2e m P ) = X ? + xf P \E P \ 2 + Xxp\Et\ 2 , (4a) 
XT = n a \D 23 \ 2 a 32 /(2e hn T ) = X ? + xf T \E T \ 2 + X ( xt\Ep\ 2 , (4b) 

where Xp and Xt are respectively the linear susceptibilities of the probe and trigger fields, 
and Xsp an d X^st (Xxp an d Xxr) are respectively the nonlinear susceptibilities characterizing 
the effect of self-Kerr (cross-Kerr) nonlinearity. Since we are interested in getting a large 
interaction between the probe and trigger fields that favors the generation of photon-photon 
entanglement (discussed in Sec. IV below), it is necessary to have a relatively large cross- 
Kerr nonlinearity, which can be realized in our system if one has \£lp\ 2 ~ At{At — Ap) and 
\Q C \ 2 ~ Ap(Ap — A c ). Under these conditions [34] the susceptibilities related to SPM effect, 
X ^p and Xsti are suppressed and can thus be neglected. Thus, we have xp ~ Xp * +Xxp\Et\ 2 
and xt ~ x { t+Xxt\ e p\ 2 , with 

{1) _ n a \D 0A \ 2 2\Q B \ 2 - 2(A P - A C )(A P + A B - Ag) + ij(A P - A c ) f , 

Xp ~ W* ' (5a) 

(3) rg£> 04 | 2 |£> 23 | 2 4|^| 2 |Q C | 2 + (A c - A P )iV 2 * 
Xxp 2e H 3 (At + Ac — A P — Ap) N*N 2 ' 1 j 

(i) _ n a \D 23 \ 2 2\n c \ 2 - 2(A T - A B )(A T + A c - Ag) + tl (A T - Ag) 

Xt ~ ~2^h N 2 ' (5C) 

(3) n a \D 23 \ 2 \D m \ 2 4|^ C | 2 |^ B | 2 + (Ag - A T )V X 
XxT 2e W (Ap + Ap — A T — Ac) NiN 2 ' 1 j 



where n a is the atomic density, Aq = A\n B \ 2 A P + A[\n c \ 2 - A P (A P - A C )](A P + A B - A c ) + 
1 \Ap-A c )+2 il [\n B \ 2 + \n c \ 2 -(Ap-Ac)(2Ap+A B -A c )} and N 2 = 4|fi c | 2 A r +4[|fi B | 2 - 
A r (A r -A p )](A r +A c -A B )+7 2 (A r -A p )-2z 7 [|fi C ;| 2 +|fi i? | 2 -(A T -A i? )(2A r +A c -A i? )]. 
In above derivation, we have assumed flp and O p are sufficiently weak, i.e. |fi p | 2 and 



\n r \ 2 < la 



\n 



c\ 



and the decay rates 7^ ~ (i=0 to 2), 733 = 744 = 7, 7^ = 734 ~ 
(i, j=0 to 2, i 7^ j) and 7*3 = 7^4 = O.57 (i, j=0 to 2). Due to the symmetry of our system 
configuration, Eqs. (JSaJ), (jFB|) and Eqs. (J5cj) . (|5Hjl are symmetric under the exchange P <-> T, 
-B «-> C and -D04 ^ ^23- We stress that the imaginary parts of the linear and nonlinear 
susceptibilities given above are much smaller than their relevant real parts under the (EIT) 
conditions |fi p | 2 and |^t| 2 |^b| 2 , |^c| 2 > which result in quantum interferences between 
the states |0) and |1) and the states |1) and |2), making the population in the states |2) and 
1 3) be small thus very low absorption for the probe and trigger fields jsj). 

In addition to a relatively large cross-Kerr nonlinearity, group velocity matching is another 
necessary condition for achieving a large mutual phase shift because only in this way can 
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Note that 



the probe and trigger optical pulses interact for a sufficiently long time 
the group velocity of an optical pulse is given by v g = c/(n + udn /duj), where no 



a/ 1 + (^>) is linear index of refraction. Using the expressions of linear susceptibilities 
given in Eq. (|5|). we obtain 

1 (6a) 

(6b) 



n a \D 04 \ 2 u P 



1 

c + 2e hc(\n c \ 2 + \n B \ 2 ) 



B 



A(\n B \ 2 + \n c \ 



+ 



B 



(2A-i 1 ) 2 _ 



1 

- + 



n a \D 2 3 \ uj t 



c 2e hc(\n c \ 2 + \n B \ 2 ) 



\n 



c 



4(\n B \ 2 + \n 



+ 



\n 



c 



c\ 



(2A-i 7 ) 2 _ 



for the probe and trigger pulses, respectively. Actually, the group velocities are the real part 
of Vg and vj, which are denoted by and vj, used in the next section. The imaginary 
parts of the group velocities result also in a damping for wave propagation. For obtaining 
the above relatively simple expressions, we have assumed that all frequency detunings are 
nearly, but not exactly, equal (~ A). By Eq. (jHJ) the group velocity matching can be 
achieved under the condition Q B m flc- 

Although under the EIT configuration of Fig. 1 the absorption can be made very small 
but it is not vanishing and its presence may result in an attenuation for the propagation of 
the probe and trigger pulses. In addition, the dispersion effect existing in the system will also 
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result in a distortion of the probe and trigger fields. For example, for a Gaussian input of 
the probe pulse with the form Qp(0, 0) exp(— t 2 /rp), the initial amplitude f2p(0, 0) decreases 
to f2p(0, 0)/yl — ilzGpjrp while the initial duration rp increases to rp-y/l — i2zGp/rp, 
where z means the distance of the pulse passing through the medium, Gp denotes the group 
velocity dispersion (GVD) of the probe field. The same analysis applies for the trigger field 
by just taking P — > tJ^. The GVD of the probe and trigger fields can be obtained by the 
expressions of linear susceptibilities given in Eqs. (j3J), which read 



G P 
Gj* 



n a 


D 


34 


2 Up 






2 (2A 


-ij) 


e hc(\i 
n a 


h 
D 


2 

23 


+ pc 


2 ) 


8 


n B \ 


l 2 + 

2 (2 A 


V c \ 2 ) 2 
-vy) 


e hc(\Q c 


2 


+ 




2 ) 


L s{\n c 


l 2 + 


Mb 


2^2 



+ 



+ 



2\Q 



B\ 



(2A - z 7 ) 3 
2|fi c | 2 



(7a) 
(7b) 



IV. CONTROLLABLE ENTANGLEMENT BETWEEN PROBE AND TRIGGER 
LIGHTS 



A significant interaction is key ingredient for the realization of the entanglement between 
the probe and trigger fields. In our system, such interaction can be realized by the giant 
CPM effect, discussed above, by which an optical field acquires a large phase shift conditional 
to the state of another optical field. We choose two orthogonal light polarizations \a~) and 
\a + ) as the basis of the entanglement state. Assuming that the input probe and trigger 
polarized single photon wave packets can be expressed as a superposition of the circularly 



polarized states 



i.e. 



{P,T} 



(8) 



where |cr ± )j = J duj£i(uj)a±(uj)\0) , with ^(to) being a Gaussian frequency distribution of 
incident wave packets, centered at frequency c^. The input-output relations \ol)p\(3)t — ► 
exp(i(fi a p)\a) p\/3)t can be satisfied. Here a,/3 = 0, 1 denote two-qubit basis. 

We assume the five-state system shown Fig. 1 is implemented only when the probe has 
cr + polarization and the trigger has o~ polarization. When either (both) the probe or (and) 
the trigger polarizations are changed, the phase shifts acquired by two pulses do not involve 
the nonlinear susceptibilities and lead to a difference. In fact, when both of them have the 
"wrong" polarization (probe a~ polarized and trigger cr + polarized) there is no sufficiently 
close level which the atoms can be driven to and the field acquires the trivial vacuum phase 



shift 



kjL (j = P,T), where L is the length of the medium. Instead, when only one of 



them have the wrong polarization, the right one acquires a linear phase shift 4>n + 4>j in , where 



27rkjL~Re(xf^)- Actually, the imaginary parts of the linear susceptibilities result in an 
effect of linear absorption, which makes the output states decoherent. When none of them 



lin 



have the wrong polarization, each pulse acquires a nonlinear phase shift 0o+0L,+ 



nlini 



where 



4> J n i in denotes the probe or trigger nonlinear phase shift when the five-state configuration is 
realized. For a Gaussian trigger pulse of time duration tt and Rabi frequency f2p, moving 



with group velocity vj, the shift of the probe field reads 



nlin 



fc P ^ r l 2 Re(x (3) 



2D 



2:-! | 



XP> 



o2 eX P 

o Pt 



UTZ T , (i), 



-Im(xa 



T T (3 T 



dz. 



(9) 



where /3p = yl — 12zGt/t^. The phase shift of the trigger field can be obtained upon 



interchanging P <-» T and 



D 23 in Eq. ©: 



nlin 



kn 



2IZV 12 



-Mx 



-'04 1 



(3) N 
XT) 



Pp 



UpZ T (i), 



-Im(x] 



;i/«f - i/i?)v^z 



n 2^ 



dz 
(10) 

with /3p = v 1 — i2zGp/r P . We should point out that the imaginary parts of the nonlinear 
susceptibilities may result in a nonlinear absorption. However, this absorption is much 
weaker than the linear one and thus can be neglected. Note that the GVD effect, reflected 
by the parameters Gp and Gp, has been taken into account in the formulas of the phase 
shifts P and ijflty . 

Using the results given above the the density matrix of the output state is expressed as 



P = ~Z 



2 ^^lin~^~ < ^ > riliri~^~ < ^liri~^~ < ^ > riliri ) 



V 



l- i ( ( t>fin+ C f>nlin+ C f>IliJ Q 

e - i (<f } fin- < f > TiJ e - i ^T* n +<t , T*n-<t>uJ 



,-i(<A p ,. +4>T*+d> T ,- ) 



in the computational basis {|cr~)p|(T~) r , |o"~)p|ct + )t? |cr + )p|o"~)r) l°" + )p|°" + )r}, where Z = 
[1 + e*^»« _ ^»«- ) ] • [1 + e*^«ft""^»^] is a normalized coefficient. Actually, the linear phase shift 
counts no contribution on the entanglement of the probe and trigger lights because when 
^Sin = ^nim = 0> the space spanned by the two qubits can be expressed as a product pp®pr 
of pure state of its parts. 



There is a variety of measures known for quantifying the degree of entanglement in 



a bipartite system, including the entanglement of distillation [2J, the relative entrop y o f 
entanglement j^fj, the entanglement of formation^] and the entanglement witnesses|37]. 
Here, we use the entanglement of formation as the measure of the purity and degree of 



entanglement of our two-qubit state. For an arbitrary two-qubit system, it is given by 



38] 



E F{ C)=hl 1 -±^l), (11) 



2 

where h(x) = — x\og 2 (x) — (1 — x)log 2 (l — x) is Shannon's entropy function, and C, called 
"concurrence" , is given by [38] 

C{p) = max{0, Ai - A 2 - A 3 - A 4 } (12) 

with the AjS being the square roots of the eigenvalues, in a decreasing order, of the Hermitian 
matrix pp = pfry g) fry p* fry ® fry, here p* denotes the complex conjugation of p in the 
computational basis, and fr y is the ^-component of the Pauli matrix. Since Ep(C) is a 
monotonic function of C, thus we can also use the concurrence directly as our measure of 
entanglement. 

Now we consider a typical system working with alkali atoms to estimate the physical 
parameters and the degree of the entanglement. We take 7 = 10 6 s _1 . The detunings are 
chosen as A P = 80. 27, A T = 80. 17, A B = 79.97 an d A c = 80. 07. The Rabi frequencies 
are taken as Qp = O.67, Qp = O.87, = 3.67 and Qc — 4.1/y. The density of the 
atomic gas n a = 1.0 x 10 13 cm~ 3 and the length of the medium I = 0.1 mm. The probe 
and trigger have a mean amplitude of about one photon when the beams are tightly focused 
and has a time duration about five microseconds. With the above parameters, we get 
= -23.42 + 0.682, 4>L = 12.00 + 0.27*, = 0.26 and <^ m = 0.05. Note that in 

this case \Re(xxp) /^- e (Xp^)\ — 40.0, |Re(xxr)/R e (Xr^)l — 56.6. The group velocities of 
the probe and trigger fields read = 9.7 m/s and t>J = 18.9 m/s, very small indeed in 
comparison with the light speed in vacuum. Using these results we obtain the degree of 
entanglement Ep = 3.5%. 

Because there are many physical parameters which can be adjusted in a fairly large extent, 
the entanglement of the probe and trigger fields in our system is practically controllable. For 
example, we choose the detunning as A P = 40.27, A T = 40. 17, A B = 39.97 an d A c = 40. 07 
and the Rabi frequencies as Qp = O.67, Qp = O.87, Qp = 2.57 an d &c — 2.77. The density 



(a) (b) 




FIG. 2: The concurrence versus Rabi frequencies of two control fields using the first set of parameters in 
(a) and the second set of parameters in (b) . A large enhancement of concurrence emerges when the group 
velocity matching condition is approximately satisfied. 

of the atomic gas is retained as above but the length of the medium I = 0.03mm. By a 
similar calculation we obtain 4>f in = —7.24 + 0.65i, (J)f in = 4.13 + 0.32i, (f)^ lin = 0.36 and 
€un = 0-08 (where |Re( X g ) P )/Re(x2 ) )| ^ 148.6, |Re( X ^)/Re(x?)| ^ 210.2). We get the 
group velocities = 4.6 m/s and v J = 8.1 m/s. The degree of entanglement in this case is 
given by Ep = 6.3%. 

We have made a numerical computations on the concurrence versus the Rabi frequencies 
of two control fields using the two sets of parameters, given above (except for the control 
fields). The results are shown in Fig. 2(a) and (b), respectively. The range of frequency 
of the control fields are chosen as I.57 < Qp < 6.O7 and 2.O7 < Qc < 6.57. From the 
results shown in Fig. 2(a) and Fig. 2(b) we see that there is a significant enhancement 
of concurrence for some values of the control fields Qp and Qp when the group velocity 
matching condition is approximately satisfied. Thus the entanglement of the probe and 
trigger fields can indeed be controlled in our system. 

In Fig. 3, we plot the concurrence versus the medium length L under the two sets of 
parameters (the same as those in Fig. 2(a) and Fig. 2(b), respectively). The solid line 
corresponds to the first set of parameters while the dash line corresponds to the second 
ones. From the figure we find that although a long medium permits a more sufficiently 
interaction between the two optical pulses and favor to the entanglement, it also leads to 
larger effects of absorption and dispersion, which impair the entanglement when L becomes 
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0.18 




1 1 1 1 

0.05mm 0.10mm 0.15mm 

L 

FIG. 3: The concurrence versus the medium length L under the two sets of parameters (the same as in Fig. 
2). The solid line corresponds to the first set of parameters while the dash line corresponds to the second 
ones. 

large. Consequently, an appropriate medium length is necessary for obtaining the largest 
entanglement of the probe and trigger fields. 

V. CONCLUSION 

We have proposed a scheme to create a pair of entangled photons by using a novel five- 
level EIT configuration. We have shown that, under suitable conditions, a large cross-phase 
modulation appears when the group velocities of two pulses, the probe and the trigger, 
are both small and comparable because of the symmetry of the system. In our approach 
the effect of absorption and dispersion of the system has been taken into account, which 
contribute to the deformation of pulse shapes. The binary information is encoded in the 
polarization degree of freedom of the probe and the trigger pulses and the entanglement of the 
probe and trigger pulses comes from the cross-Kerr nonlinearity. The entanglement can be 
practically controlled by adjusting the parameters of the system, such as the Rabi frequencies 
of two coupling fields. The controllable entanglement suggested here may facilitate promising 
applications for quantum information and computation. The results presented in this work 
may be useful for guiding an experimental finding of the photon-photon entanglement in 
atomic systems. 
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